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EIGENVALUE PINCHING ON SPINC MANIFOLDS
SASKIA ROOS
Abstract. We derive various pinching results for small Dirac
eigenvalues using the classification of spinc and spin manifolds ad-
mitting nontrivial Killing spinors. For this, we introduce a no-
tion of convergence for spinc manifolds which involves a general
study on convergence of Riemannian manifolds with a principal
S1-bundle. We also analyze the relation between the regularity
of the Riemannian metric and the regularity of the curvature of
the associated principal S1-bundle on spinc manifolds with Killing
spinors.
1. Introduction
Eigenvalue pinching on closed manifolds is an important and widely
studied topic in Riemannian geometry. It gives insight into the relation
between the spectrum of an operator and the topology of the manifold.
One of these studied operators is the Dirac operator on spin and spinc
manifolds. For example, Ammann and Sprouse have shown in [AS07,
Theorem 1.8] that a spin manifold M with r(n) Dirac eigenvalues close
to the Friedrich bound and an appropriate lower bound on the scalar
curvature implies that M is diffeomorphic to a manifold of constant
curvature. Here r(n) = 1 if n = 2, 3 and r(n) = exp(log(2)(
[
n
2
]−1))+1
if n > 3. The limit case of the Friedrich inequality only contains spin
manifolds with real Killing spinors whose geometry was described by
Ba¨r [Ba¨r93] after a series of partial result of Friedrich, Grunewald, Kath
and Hijazi (cf. [Fri81b] [FG85] [FK89] [FK90b] [FK88] [Hij86]). Hence,
Ammann and Sprouse conjectured that [AS07, Theorem 1.8] should
also be valid with a lower value r˜(n) < r(n).
This problem was considered by Vargas [Var07]. He introduced the
concept of almost Killing spinor sequences which describes a sequence
of spinors together with a sequence of metrics on a spin manifold con-
verging to a nontrivial Killing spinor. Studying the convergence of this
sequence and combining it with Gromov’s compactness theorem for
manifolds he derived an improved version of [AS07, Theorem 1.8] for
simply-connected spin manifolds, [Var07, Theorem 5.4.1].
2010 Mathematics Subject Classification. primary: 53C27, 58C40; secondary:
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In this paper we define almost Killing spinors sequences on the larger
class of spinc manifolds. These will be used to derive pinching results
on spinc and spin manifolds with small spinorial Laplace eigenvalues or
Dirac eigenvalues close to the Friedrich bound.
After recalling the basic definitions and properties of spinc mani-
folds and Killing spinors, we shortly explain how to identify spinors of
different metric spinc structures following [BG92] in Section 3.
In Section 4 we will define almost Killing spinor sequences on spinc
manifolds. One of the main points we need to deal with is to derive
an applicable notion of convergence of spinc manifolds. As the spinc
structure depends on an associated principal S1-bundle we first study
the convergence of principal S1-bundles with connection over closed
Riemannian manifolds. This leads to one of the main results of this
paper.
Theorem 4.4. Let (Pj, Aj)j∈N be a sequence of principal S
1-bundles
with connection over a fixed compact Riemannian manifold (M, g). For
each j let Ωj be the 2-form representing the curvature of Aj. If there
is a non-negative K such that ‖Ωj‖Ck,α ≤ K for all j, then for any
β < α there are a principal S1-bundle P with a Ck+1,β-connection A
and a subsequence, again denoted by (Pj , Aj)j∈N together with principal
bundle isomorphisms Φj : P → Pj such that Φ∗jAj converges to A in
the Ck+1,β-norm
Afterwards we define almost Killing spinor sequences on spinc man-
ifolds and study their convergence behavior.
In Section 5 we analyze the regularity of spinc manifolds with Killing
spinors as spinc manifolds with a Killing spinor are, in contrast to the
spin case, in general not Einstein. We show that the existence of a
nontrivial Killing spinor leads to an equation for the Ricci curvature of
the manifold. Using harmonic coordinates we conclude with the results
of [DK81]:
Theorem 5.4. Let (M, g) be a Riemannian spinc manifold with a C1,α-
metric g, C l,α-curvature form Ω on the associated principal S1-bundle
P , l ≥ 0, and a nontrivial Killing spinor ϕ. Then g is C l+2,α in
harmonic coordinates.
Outgoing from Theorem 4.4 we define the space MS1(n,Λ, i0, d,K),
see Definition 4.7, and prove in Section 6
Proposition 6.1. Let Λ, i0, d, K and k be given positive real num-
bers, µ a given real number and n a given natural number. Let (M, g)
be a spinc manifold in MS1(n,Λ, i0, d,K). For every δ > 0 there exists
a positive ε = ε(n,Λ, i0, d,K, k, µ, δ) > 0 such that λk(∇µ ∗∇µ) < ε
implies that (M, g) has C1,α-distance smaller than δ to a spinc mani-
fold with k linearly independent Killing spinors with Killing number µ.
Furthermore, g is at least C2,α in harmonic coordinates.
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This proposition is the basis for all pinching results in this section.
For µ = 0 we combine this proposition with the geometric description
of spinc and spin manifolds with parallel spinors obtained in [Wan89],
[Wan95] and [Mor97].
Using the Schro¨dinger-Lichnerowicz formula we prove a similar result
to Proposition 6.1 for Dirac eigenvalues which leads again to eigenvalue
pinching results for Dirac eigenvalues close to the Friedrich bound. For
example, we show that even resp. odd dimensional simply-connected
spinc manifolds with one resp. two Dirac eigenvalues close to the Friedrich
bound are already spin. Combining this with the geometric descrip-
tion of spin manifolds with real Killing spinors in [Ba¨r93] we show
that simply-connected spinc manifolds with a specified number of Dirac
eigenvalues close to the Friedrich bound are already diffeomorphic to
the sphere.
As an application of our results, we show in Section 7 that using
[DWW05, Theorem 3.1], the absolute value of the Killing number of
a real Killing spinor is bounded from below by a positive constant in
the class of n-dimensional Riemannian manifolds with bounded Ricci-
curvature and diameter and with injectivity radius bounded from below
by a positive constant.
Acknowledgment. It is a great pleasure for me to thank my PhD
supervisors Werner Ballmann and Bernd Ammann for suggesting this
problem and many helpful mathematical discussions. Furthermore I
want to thank Bernd Ammann and the SFB 1085 for inviting me to
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2. Spinc manifolds and Killing spinors
For the reader’s convenience we first collect some well-known facts
about spinc manifolds. For more detail see [LM89], [Fri00] and [BHM+15].
Definition 2.1 (spinc structure). Let ξ : G˜L(n) → GL(n) denote the
nontrivial two-fold covering of GL(n) and set
G˜L
c
(n) = G˜L(n)×Z2 S1 → GL(n)× S1
[A, u] 7→ (ξ(A), u2).
A manifold M with frame bundle PGLM admits a topological spin
c
structure if there is a principal S1-bundle P such that there exists a
principal G˜L
c
-bundle P
G˜L
cM that is a two-fold covering of PGLM × P
compatible with the associated two-fold group covering.
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On a Riemannian manifold (M, g) a metric spinc structure is the
preimage of PSOM ×P of the topological spinc structure, where PSOM
consists of positive oriented orthonormal frames of TM . This preimage
defines a principal Spinc-bundle PSpincM with
Spinc(n) := Spin(n)×Z2 S1 ⊂ G˜L
c
(n).
Since any metric spinc structure extends uniquely to a topological
spinc structure, they have the same equivalence classes.
We now introduce spinors on a spinc manifold as sections of the spinc
bundle ΣcM = PSpincM ×δ Σn, where δ : Spinc(n) → GL(Σn) denotes
the canonical complex spinc representation on the complex vector space
Σn. The spin
c bundle ΣcM is endowed with a natural Hermitian inner
product.
A connection ∇A on ΣcM is determined by a lift of the Levi-Civita
connection of (M, g) together with a connection 1-form A on P to ΣcM .
The Hermitian inner product and Clifford multiplication is parallel with
respect to ∇A.
The spinorial Laplacian is defined as ∇A ∗∇A where ∇A ∗ is the
L2-adjoint of ∇A. On the other hand, the Dirac operator is defined
by its action on spinors ϕ, given by DAϕ =
∑n
i=1 ei · ∇Aeiϕ in any
orthonormal frame (e1, . . . , en). These two operators are closely related
by the Schro¨dinger-Lichnerowicz formula.
(1) (DA)2ϕ = ∇A ∗∇Aϕ+ 1
4
Scal ϕ+
i
2
Ω · ϕ
for all spinors ϕ, where Scal denotes the scalar curvature of the man-
ifold. Here Ω = −iFA ∈ Γ(Λ2T ∗M), where FA is the curvature of the
connection 1-form A. The action of a k-form ω on a spinor ϕ is defined
by
ω · ϕ :=
∑
i1<...<ik
ω(ei1, . . . , eik)ei1 · . . . · eik · ϕ,
in any orthonormal frame (e1, . . . , en).
At this point, we remark that any spin manifold is spinc . To see
this, take the trivial principal S1-bundle P and extend the spin bundle
via the inclusion Spin(n) →֒ Spinc(n). By choosing A = 0 the spinorial
connection extends canonically to the spinc bundle ΣcM . Thus, all
results stated for spinc manifolds are also valid for spin manifolds.
As mentioned in the introduction we are mainly interested in Killing
spinors. A spinor ϕ is called a Killing spinor if there exists a complex
number µ such that ∇AXϕ = µX ·ϕ for any vector field X . The number
µ is called Killing number. Obviously, DAϕ = −µnϕ.
Starting from the identity
(2)
n∑
i=1
ei · RA(X, ei)ϕ = −1
2
Ric(X) · ϕ+ i
2
(XyΩ) · ϕ
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which holds for any vector field X and spinor ϕ in any orthonormal
frame, we obtain the following relation for Killing spinors.
Lemma 2.2. Let ϕ be a Killing spinor with Killing number µ. Then
Ric(X, Y )|ϕ|2 = 4µ2(n− 1)g(X, Y )|ϕ|2
+
i
2
〈((XyΩ) · Y )− Y · (XyΩ)) · ϕ, ϕ〉
for all vector fields X, Y .
In particular, any Riemannian spin manifold (M, g) admitting a
Killing spinor with Killing number µ is Einstein with Ric = 4µ2(n−1)g.
Another interesting aspect of Killing spinors is that they correspond to
the limit case of the Friedrich spinc inequality for Dirac eigenvalues.
Theorem 2.3 (Friedrich spinc inequality). On a compact Riemannian
spinc manifold (M, g) the square of any eigenvalue λ of DA is bounded
from below by
(3) λ2 ≥ n
4(n− 1) infM (Scal−cn|Ω|g),
with cn = 2
[
n
2
] 1
2 . Here the norm of a 2-form ω is defined by
|ω|2g :=
∑
i<j
|ω(ei, ej)|2
in any orthonormal frame. Furthermore, equality holds if and only if
the corresponding eigenspinor ϕ is a Killing spinor and Ω·ϕ = i cn
2
|Ω|gϕ.
This bound follows immediately from [HM99, Lemma 3.3] and the
Schro¨dinger-Lichnerowicz formula (1).
For later use we modify the connection ∇A in the following way:
Definition 2.4 (Friedrich connection). The Friedrich connection asso-
ciated to µ ∈ C is defined as
∇µXϕ := ∇AXϕ− µX · ϕ,
for any spinor ϕ and vector field X .
The Friedrich connection is metric if and only if µ is real. In par-
ticular Killing spinors with Killing number µ are parallel with respect
to ∇µ. A straight-forward calculation leads to a version of (1) for the
Friedrich connection.
Lemma 2.5. For any real number µ and any spinor ϕ
(DA + µ)2ϕ = ∇µ ∗∇µϕ+ 1
4
Scal ϕ+
i
2
Ω · ϕ− µ2(n− 1)ϕ.
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3. Identifying metric spinc structures
Let M be a spinc manifold with a fixed topological spinc structure.
It induces for any Riemannian metric g on M a metric spinc structure.
Assume now that we have two different metrics g and h onM . Then the
topological spinc structure on M descends to two different metric spinc
structures. Following [BG92], we construct an isomorphism between
them and study its properties.
For two Riemannian metrics g and h onM there exists a unique pos-
itive definite endomorphism field Hg such that g(HgX, Y ) = h(X, Y )
for all vector fields X and Y . Its unique positive definite square root
bhg :=
√
Hg satisfies g(b
h
gX, b
h
gY ) = h(X, Y ) for all vector fields X , Y .
Since the topological spinc structure on M is fixed, both induced
metric spinc structures are build with the same principal S1-bundle P .
Therefore, the map
(bhg )
n × Id : PSO(M,h)× P −→ PSO(M, g)× P
(e1, . . . , en, s) 7−→ (bhge1, . . . , bhgen, s)
lifts to a Spinc(n)-equivariant isomorphism
˜(bhg )
n × Id : PSpinc(M,h)→ PSpinc(M, g).
This induces the following isomorphism of spinc bundles.
βhg : Σ
c
hM = PSpinc(M,h)×δ Σn → ΣcgM = PSpinc(M, g)×δ Σn
ϕ = [s, ψ] 7→ βhgϕ := [ ˜(bhg )n × Id(s), ψ].
Now we want to compare the action of the Levi-Civita connections
∇g and ∇h. Define the connection ∇h gYX := bgh(∇gY (bhgX)) for any
vector field X . Note that (bhg )
−1 = bgh. Straight-forward calculations
lead to:
Lemma 3.1. The torsion gT h of ∇h g satisfies
gT h(X, Y ) = bgh((∇gXbhg )Y − (∇gY bhg )X), and
2h( ∇h gXY −∇hXY, Z) = h(gT h(X, Y ), Z)− h(gT h(Y, Z), X)
− h(gT h(Z,X), Y ).
Assuming M to be spinc the spinorial connection ∇Ag on ΣcgM is
built with the connection 1-form Ag on P and the spinorial connec-
tion on ΣchM with the connection 1-form Ah. Define the connection
∇Ah AgX ϕ := βgh(∇AgX (βhgϕ)).
Proposition 3.2. Given two metrics g and h on a fixed n-dimensional
spinc manifold M , there is a positive constant C(n) such that
| ∇Ah AgX ϕ−∇Ahϕ|h ≤ C(n)‖X‖h ‖ϕ‖h
(‖βgh‖h ‖∇gβhg ‖h + ‖Ah − Ag‖h)
for all vector fields X and spinors ϕ.
EIGENVALUE PINCHING ON SPIN
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Proof. Let (e1, . . . , en) be a local orthonormal frame with respect to
h. Then any vector field can be written as Y =
∑n
a=1 y
aea. For the
comparison of the associated spinorial connections we need to choose a
local section s of P . Using the local structure of spinorial connections,
see for instance [Fri00, p. 60], we find
| ∇Ah AgX ϕ−∇AhX ϕ|h ≤
1
4
n∑
a,b=1
|h( ∇h gXea −∇hXea)ea · eb · ϕ|h
+
1
2
|s∗(Ag −Ah)(X)ϕ|h
≤ C(n)|X|h|ϕ|h(‖βgh‖h‖∇gβhg ‖h + ‖Ag − Ah‖h),
for all vector fields X and spinors ϕ. The last inequality follows from
Lemma 3.1. 
Remark 3.3. Similarly, one proves that for any two given Riemann-
ian metrics g and h on an n-dimensional manifold there is a positive
constant C ′(n) such that
| ∇h gXY −∇hXY |h ≤ C ′(n)‖bgh‖h ‖∇gbhg‖h ‖X‖h ‖Y ‖h
for all vector fields X and Y .
4. Convergence
The goal of this section is to understand the convergence of almost
Killing spinor sequences on spinc manifolds. For this we need to estab-
lish a notion of convergence for spinc manifolds. Since spinc structures
are built over the product of the frame bundle and a given principal S1-
bundle we first need to develop a notion of convergence for sequences
of manifolds with principal S1-bundles. This will be the content of
Section 4.1. There we show that a convenient uniform bound on the
curvature of the principal S1-bundle leads to the existence of a subse-
quence such that the corresponding connection 1-forms converge after
suitable choices of gauge transformations. Combining this with the
known compactness results of manifolds we derive a useful notion of
convergence.
In Section 4.2, we define almost Killing spinor sequences on spinc
manifolds. By the convergence results of Section 4.1 it is enough to
consider a manifold with a fixed topological spinc structure. Therefore,
we only need a few modifications due to the chosen connection 1-form
A on the principal S1-bundle.
4.1. Convergence of principal S1-bundles. The goal of this section
is to establish a general notion of convergence for principal S1-bundles
with connection. Note that we do not assume the manifold to be spinc .
First we show that for a suitable bound on the curvature of the princi-
pal S1-bundle there are only finitely many possibilities of isomorphism
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classes of principal S1-bundles satisfying it. Thus, we can focus on a
sequence of connection 1-forms on a fixed principal S1-bundle where
we obtain a converging subsequence by applying suitable gauge trans-
formations.
In the beginning, we recall the basic classification results for principal
S1-bundles. For more details see e.g. [Bla10, Chapter 2] and [Bry08,
Chapter VI]. These results are the main ingredient to prove the desired
convergence results.
Although this section does not require manifolds to be spinc , we will
stick to the notation used so far. Recall the following terminology: Two
principal S1-bundles P and P ′ together with connections A resp. A′ are
isomorphic with connections if there is a principal bundle isomorphism
Φ : P → P ′ such that Φ∗A′ = A.
Isomorphism classes of principal S1-bundles as well as gauge equiv-
alence classes are classified by the Cˇech-cohomology of the underlying
base manifold M . Especially the classification of isomorphism classes
is a well-known result which we restate here.
Theorem 4.1. Let M be a compact manifold. Then there is a bijec-
tion between the Cˇech-cohomology group Hˇ2(M,Z) and the isomorphism
classes of principal S1-bundles over M .
Let P be a principal S1-bundle over a compact manifold M . Then P
defines a unique class in Hˇ2(M,Z). This class is called the first Chern
class of P .
The curvature of a connection 1-form A on P is given by a closed
2-form Ω on M , namely
dA = FA = iΩ.
The de Rham class [− 1
2pi
Ω] ∈ H2(M,R) is the image of the first Chern
class of P under the Cˇech-de Rham isomorphism. A short calculation
shows that [− 1
2pi
Ω] is independent of the choice of the connection 1-
form A on P . Thus, it depends only on the isomorphism class of the
principal S1-bundle.
As mentioned in the introduction, we want to show that there is a
suitable bound on the curvature such that there are only finitely many
principal S1-bundles up to isomorphism satisfying it. For this recall
from Hodge theory that on a compact Riemannian manifold (M, g)
each de Rham class [ω] admits a unique harmonic representative ω˜.
Moreover, ω˜ minimizes the L2-norm in the class [ω]. In addition, the
projection from closed to harmonic forms is continuous in L2. Thus,
it is a natural choice to assume an L2-bound on the curvature for our
purpose .
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Lemma 4.2. Let (M, g) be a compact Riemannian manifold and K a
fixed non-negative number. Then there are only finitely many isomor-
phism classes of principal S1-bundles P with connection over M whose
curvature satisfies ‖Ω‖L2 ≤ K.
Proof. By Theorem 4.1 the isomorphism classes of principal S1-bundles
overM are classified by Hˇ2(M,Z). By the universal coefficient theorem,
we have Hˇ2(M,Z) ∼= Zb2(M) ⊕ T1, where T1 is the torsion of Hˇ1(M,Z)
which is finite, and b2(M) the second Betti number ofM . Furthermore,
the kernel of the homeomorphism h : Hˇ2(M,Z) → H2(M,R) is given
by T1. The cohomology class [− 12piΩ] ∈ H2(M,R) is an integral class,
i.e. it lies in the image of h.
Thus, the set of isomorphism classes of principal bundles whose cur-
vature satisfies ‖Ω‖L2 ≤ K is given by h−1(C), where
C :=
{
[ω] ∈ H2(M,R) : ‖ω˜‖L2 ≤ 1
2π
K
}
.
Here ω˜ denotes the unique harmonic representative of [ω].
Since H2(M,R) ∼= H2(M) ∼= Rb2(M), with H2(M) denoting the space
of harmonic 2-forms, is a finite dimensional vector space and the pro-
jection from closed to harmonic forms is continuous in L2, it follows
that C is compact. In particular, Im(h) ∩ C is compact, hence finite.
Since the kernel of h is also finite the claim follows. 
We recall now the characterization of the gauge equivalence classes
of connections on a fixed principal S1-bundle P over M which can be
found in the standard literature.
Theorem 4.3. For a fixed principal S1-bundle P over a compact Rie-
mannian manifold M two principal connections are gauge equivalent if
and only if their difference is represented by a closed integral 1-form.
In particular, the space of gauge equivalence classes of connections with
fixed curvature Ω is given by the Jacobi torus Hˇ1(M,R)/Hˇ1(M,Z).
Using this theorem we are able to prove the following convergence re-
sult. However, note that we will in general not obtain C∞-convergence.
Therefore, we establish here the following notion: A connection 1-form
A is called Ck,α if its associated Christoffel symbols are Ck,α. Further
on, we only consider α ∈ (0, 1).
Theorem 4.4. Let (Pj, Aj)j∈N be a sequence of principal S
1-bundles
with connection over a fixed compact Riemannian manifold (M, g). For
each j let Ωj be the 2-form representing the curvature of Aj. If there
is a non-negative K such that ‖Ωj‖Ck,α ≤ K for all j, then for any
β < α there are a principal S1-bundle P with a Ck+1,β-connection A
and a subsequence, again denoted by (Pj , Aj)j∈N together with principal
bundle isomorphisms Φj : P → Pj such that Φ∗jAj converges to A in
the Ck+1,β-norm
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Proof. Since the Ck,α-norm of the curvatures of the principal S1-bundle Pj
is uniformly bounded in j, the L2-norm of the curvatures is also uni-
formly bounded. Applying Lemma 4.2 we conclude that this sequence
of principal S1-bundles only contains finitely many isomorphism classes.
Hence, we find a subsequence (Pj , Aj)j∈N such that there is for each j
an isomorphism Ψj : Pj → P for some fixed P . Therefore, it is
Using that the connections on P form an affine space over Γ(Λ1T ∗M),
we will fix A1 as a reference connection. The difference Ψ
∗
jAj − Ψ∗1A1
is given by a unique iηj with ηj ∈ Γ(Λ1T ∗M). We will apply the Hodge
decomposition various times and show for each part separately how we
obtain a converging subsequence.
Since P is fixed
[− 1
2pi
Ψ∗jΩj
]
=
[− 1
2pi
Ψ∗kΩk
]
for all j, k. Hence, for
each j there is a 1-form ζj such that
Ψ∗jΩj = Ψ
∗
1Ω1 + dζj.
By our assumptions on the curvatures there is a positive constant K˜
such that ‖dζj‖Ck,α ≤ K˜ uniformly j.
By Hodge decomposition we can choose ζj = δξj for some closed
2-form ξj which is orthogonal to ker(∆) in L
2. Thus, dζj = ∆ξj . By
Schauder’s estimate we find a positive constant C such that for all j
‖ξj‖Ck+2,α ≤ C‖∆ξj‖Ck,α ≤ CK˜.
For any β < α there is a subsequence (ξj)j∈N converging in C
k+2,β.
Thus, (δξj)j∈N converges in C
k+1,β. In general, the limit is not smooth.
For each j the connections Ψ∗jAj and Ψ
∗
1A1 + iδξj have the same
curvature. Thus, for each j, there is a unique closed 1-form ηj such
that
Ψ∗jAj = Ψ
∗
1A1 + iδξj + iηj .
Again we apply the Hodge decomposition and obtain for each j a
smooth function fj and a harmonic 1-form νj such that
ηj = dfj + νj .
If dfj 6= 0 we apply the gauge transformation Gj = e−ifj and obtain
G∗jΨ
∗
jAj = Ψ
∗
1A1 + iδξj + iνj .
Now, we need to find a subsequence and suitable gauge transforma-
tions such that the remaining harmonic parts converge. To obtain
these we take a closer look at the classification of connections on a
principal S1-bundle. By Theorem 4.3, the gauge equivalence classes of
connections for a fixed curvature form are classified by the Jacobi torus
Hˇ1(M,R)/Hˇ1(M,Z). By Hodge theory, there is exactly one harmonic
representative in each de Rham class. Since Hˇ1(M,Z) has no torsion
elements it is embedded in H1(M,R) via the Cˇech-de Rham isomor-
phism. Hence, we obtain the quotient of harmonic forms divided by
EIGENVALUE PINCHING ON SPIN
C
MANIFOLDS 11
harmonic integral forms which is isomorphic to the torus Tb1(M). As
the projection from closed to harmonic forms is continuous in L2 the
Jacobi torus is compact in the L2-topology.
The sequence (νj)j∈N induces a sequence in the Jacobi torus. Since it
is a compact quotient in the L2-topology there is a subsequence of har-
monic representatives (ν˜j)j∈N converging in L
2 to a smooth harmonic
1-form ν˜. Note that each νj is equivalent to ν˜j. By standard elliptic
estimates it follows that (ν˜j)j∈N converges in C
l for any l > 0.
Taking the corresponding gauge transformations Hj, we obtain the
sequence (
H∗jG
∗
jΨ
∗
jAj = Ψ
∗
1A1 + iδ1ξj + iν˜j
)
j∈N
,
which converges in Ck+1,β. Setting Φj := Ψj ◦ Gj ◦ Hj finishes the
proof. 
Remark 4.5. Similarly a uniform upper bound on theW k,2-norm of the
curvature leads to a W l+1,2-converging subsequence of the underlying
connection 1-forms for any l < k.
This theorem shows that the space of principal S1-bundles over a
fixed compact Riemannian manifold (M, g) with a uniform bound on
the Ck,α-norm of the curvature is “precompact in the Ck+1,β-topology”
for any β < α. Now we also want to vary the base manifold (M, g). For
this we use the following compactness theorem by Anderson, [And90,
Theorem 1.1].
Theorem 4.6. For given positive numbers Λ , i0, and d the class
M(n,Λ, i0, d) of Riemannian n-manifolds with
|Ric | ≤ Λ, inj ≥ i0, diam ≤ d,
is compact in the C1,α-topology for any α ∈ (0, 1). Furthermore, the
subspace consisting of Einstein manifolds is compact in the C∞-topology.
Combining this class of manifolds with the assumptions in Theo-
rem 4.4 we define the following class of manifolds with principal S1-
bundles.
Definition 4.7. Let MS1(n,Λ, i0, d,K) be the space of principal S1-
bundles P
pi−→ M with principal connection A such that (M, g) lies
in M(n,Λ, i0, d) and ‖Ω‖C0,1(g) ≤ K where Ω ∈ Γ(Λ2T ∗M) is the
curvature of A, i.e. iΩ = FA.
Theorem 4.8. Any sequence (Mj , gj, Pj, Aj)j∈N in MS
1
(n,Λ, i0, d,K)
admits a subsequence, again denoted by (Mj , gj, Pj, Aj)j∈N, such that
for any α ∈ (0, 1) there is a principal S1-bundle P over a closed Rie-
mannian manifold M with a C1,α-metric g and a C1,α-connection A
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such that for each j there is a principal bundle isomorphism
P
Φj
//

Pj

M
φj
// Mj
with Φ∗jAj and φ
∗
jgj converging to A resp. g in C
1,α.
Proof. Let (Mj , gj, Pj, Aj)j∈N be a sequence inMS
1
(n,Λ, i0, d,K). Since
any manifold in this sequence lies inM(n,Λ, i0, d) there exists a subse-
quence again denoted by (Mj , gj, Pj, Aj)j∈N and a Riemannian manifold
(M, g) such that for each j there exists a diffeomorphism φj : M →Mj
with φ∗jgj converging to g in C
1,α by Theorem 4.6.
By pulling back each element in (Mj , gj, Pj, Aj)j∈N with the dif-
feomorphism φj we obtain a sequence of metrics and principal S
1-
bundles with connections over a fixed compact manifold M which we
call (M, gj, Pj, Aj)j∈N for simplicity.
We fix the initial metric g1 as our background metric. Applying
Theorem 4.4 to the sequence (Pj, Aj)j∈N viewed over (M, g1) we obtain
a subsequence together with principal bundle isomorphism Ψj : P → Pj
such that Ψ∗jAj converges in C
1,α(g1).
Since (gj)j∈N converges to g in C
1,α the claim follows. 
4.2. Almost Killing spinor sequences. An almost Killing spinor
sequence describes a converging sequence of metrics on a fixed spin
manifold together with a sequence of spinors converging to a nontrivial
Killing spinor. This concept was first introduced for spin manifolds in
[Var07]. We extend it to spinc manifolds. By the results of Section 4.1,
it is enough to look at manifolds with fixed topological spinc structure.
Definition 4.9 (Almost Killing spinor sequence). Let (M, gj , P, Aj)j∈N
be a sequence on a fixed Riemannian spinc manifold whose topological
spinc structure is built with P such that (gj)j∈N converges in C
1 and
(Aj)j∈N in C
0. A sequence (ϕj)j∈N of spinors ϕ ∈ W 1,2(ΣcjM) is an
almost Killing spinor sequence if there exists a real µ and a vanishing
sequence (εj)j∈N such that
‖∇µ,Ajϕj‖L2(ΣcjM) ≤ O(εj) ‖ϕ‖L2(ΣcjM)
for all j. An almost Killing spinor sequence called L2-normalized if
‖ϕj‖L2(ΣcjM) = 1 for all j.
In the end, we want to show that an L2-normalized almost Killing
spinor sequence converges strongly inW 1,2 to a nontrivial Killing spinor.
Since we only need the embedding W 1,2(ΣcM) →֒ L2(ΣcM) to be com-
pact these convergence results apply to any Riemannian spinc manifold
on which the Sobolev embedding theorems hold.
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Since almost Killing spinor sequences are defined via the Friedrich
connection we define the norm
‖ϕ‖2
W
1,2
µ (ΣcM)
:= ‖ϕ‖2L2(ΣcM) + ‖∇µϕ‖2L2(ΣcM)
on W 1,2(ΣcM). This norm is equivalent to the Sobolev norm
‖ϕ‖2W 1,2(ΣcM) = ‖ϕ‖2L2(ΣcM) + ‖∇Aϕ‖2L2(ΣcM).
The next two results generalize Lemma 4.5.1 and Theorem 4.5.2
in [Var07]. We follow the original proofs and generalize them to the
spinc case.
Lemma 4.10. Let (ϕj)j∈N be an almost Killing spinor sequence. Then(
β
gj
g ϕj
)
j∈N
is bounded in W 1,2(ΣcM), where β
gj
g is the endomorphism
field relating gj with g. Moreover, limj→∞ ‖βgjg ϕj‖W 1,2µ (ΣcM) = 1.
Proof. Since the norms ‖ · ‖W 1,2µ (ΣcM) and ‖ϕ‖W 1,2(ΣcM) are equivalent,
we only need to prove that
(
β
gj
g ϕj
)
j∈N
is bounded in ‖ · ‖W 1,2µ (ΣcM).
‖βgjg ϕj‖2L2(ΣcM) =
∫
M
〈βgjg ϕj, βgjg ϕj〉gdvolg
=
∫
M
〈ϕj, ϕj〉gj | det(βgjg )|−1dvolgj
≤ (1 +O(εj))‖ϕj‖2L2(ΣcjM),
as β
gj
g converges to the identity in C1. Similarly we obtain the estimate
‖βgjg ϕj‖2L2(ΣcM) ≥ (1− O(εj))‖ϕj‖2L2(ΣcjM).
Now we need an upper bound on the second part of ‖ · ‖W 1,2µ (ΣcM).
‖∇µ(βgjg ϕj)‖2L2(ΣcM) =
∫
M
〈∇µ(βgjg ϕj),∇µ(βgjg ϕj)〉gdvolg
=
∫
M
〈βggj∇µ(βgjg ϕj), βggj∇µ(βgjg ϕj)〉gjdvolgj
≤ (1 +O(εj))‖ Aj∇µ,Agϕj‖L2(ΣcjM),
where we define Aj∇µ,AgX ψ := βggj∇µX(β
gj
g ψ) for all vector fields X and
spinors ψ. We estimate further
‖ Aj∇µ,Agϕj‖L2(ΣcjM)
≤ ‖ Aj∇µ,Agϕj −∇µ,Ajϕj‖L2(ΣcjM) + ‖∇µ,Ajϕj‖L2(ΣcjM)
≤ ‖ ∇Aj Aϕj −∇Ajϕj‖L2(ΣcjM) + ‖βggj − Id ‖gj‖ϕj‖L2(ΣcjM)
+O(εj)‖ϕj‖L2(ΣcjM)
≤ C
(
‖βggj‖gj‖∇gβgjg ‖gj + ‖A−Aj‖gj +O(εj)
)
‖ϕj‖L2(ΣcjM)
≤ O(εj)‖ϕj‖L2(ΣcjM),
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where we applied Proposition 3.2 and used the C1-convergence of
(
β
gj
g
)
j∈N
.

This lemma together with the Sobolev embedding theorem leads
to the following convergence result in W 1,2 generalizing [Var07, Theo-
rem 4.5.2] which we just state, as the proof is the same.
Proposition 4.11. Any L2-normalized almost Killing spinor sequence
admits a subsequence converging strongly in W 1,2 to a nontrivial L2-
Killing spinor ϕ, i.e. ‖∇µϕ‖L2(ΣcM) = 0.
5. Regularity
In this section we study the relation between Killing spinors and the
regularity of the Riemannian metric g and the connection 1-form A.
We mostly use elliptic regularity.
We start by observing that the regularity of a Killing spinor depends
on the regularity of the connection∇A and therefore on the regularity of
the metric g and the connection 1-form A. A Killing spinor with Killing
number µ lies in the kernel of the elliptic second order operator ∇µ ∗∇µ
whose coefficients contain the first derivatives of the coefficients of g
and A. Therefore we apply elliptic regularity and obtain:
Proposition 5.1. Let (M, g) be a Riemannian spinc manifold with g
and A being Ck,α, k ≥ 1. Then any L2-Killing spinor ϕ on (M, g) is
Ck+1,α.
Recall that any Riemannian spin manifold admitting a nontrivial
Killing spinor is Einstein. Therefore, its metric is real analytic in har-
monic coordinates by [DK81, Theorem 5.2]. However, on Riemannian
spinc manifolds with a Killing spinor the Ricci curvature is given by
the identity in Lemma 2.2. We use the rest of this section to study the
relation between the regularity of A, or more precisely the regularity
of its curvature form Ω = −iFA, and the regularity of the metric g on
a spinc manifold with a Killing spinor in harmonic coordinates.
Since we want to include C1,α-metrics we need to generalize the re-
quired equations to a weak context. In particular, we want to obtain
an analogue of Lemma 2.2 for C1,α-metrics. As the Ricci curvature
and the spinorial curvature involve second derivatives of the metric we
need to redefine these objects in a weak context. Further on, 〈., .〉U de-
notes the pairing between a distribution and a test function compactly
supported on U ⊂M .
Using the coordinate description of the Ricci curvature (see [DK81,
Lemma 4.1]) and Stokes’ theorem we define a weak version of the Ricci
curvature as follows. In a local chart U with coordinate vector fields
(∂1, . . . , ∂n) the weak Ricci curvature acts on a test function η ∈ C1c (U)
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by
〈Ric(X, Y ), η〉U :=
n∑
a,b=1
〈Ricab, XaY aη〉U .
Here X =
∑n
a=1X
a∂a and Y =
∑n
a,b=1 Y
a∂a are local vector fields.
The right hand side is defined by
〈Ricab, η〉U :=
∫
U
(
∂sgab ∂r(g
rs√g η)− Γr ∂b(gra√g η)− Γr ∂a(grb√g η)
+Qab
√
g η
)
dx,
where
√
g denotes the square root of the determinant of the metric g
in these coordinates and Qab denotes a quadratic form depending only
on g and its derivatives ∂g.
For the spinorial curvature, we again use Stokes’ theorem to obtain
a weak version. Since the inner product on ΣcM is Hermitian, we
consider each entry separately. This leads to the following definition
for the weak spinorial curvature for vector fields X , Y , and a spinor
ϕ ∈ C1(ΣcM) acting on a test spinor ψ ∈ C1c (ΣcM|U),
〈RA(X, Y )ϕ, ψ〉U :=
∫
U
〈∇AXϕ,∇AY ψˆ〉 − 〈∇AYϕ,∇AXψˆ〉 − 〈∇A[X,Y ]ϕ, ψˆ〉dx,
〈ψ,RA(X, Y )ϕ〉U :=
∫
U
〈∇AY ψˆ,∇AXϕ〉 − 〈∇AXψˆ,∇AYϕ〉 − 〈ψˆ,∇A[X,Y ]ϕ〉dx,
in any local chart U of M . Here we set ψˆ :=
√
gψ.
Now, we show that the relation (2) in Section 2 between Ricci and
spinorial curvature also holds in the weak context. This generalizes
Lemma 3.4.1 in [Var07].
Lemma 5.2. On a Riemannian spinc manifold M with a C1-metric g
and C0-curvature form Ω
〈Ric(X) · ϕ, ψ〉U :=
n∑
i=1
〈Ric(X, ei), 〈ei · ϕ, ψ〉 〉U
= 2
n∑
i=1
〈RA(X, ei)ϕ, ei · ψ〉U + i
∫
U
〈(XyΩ) · ϕ, ψ〉dvolg
for X ∈ X(M), ϕ ∈ C1(ΣcM) and ψ ∈ C1c (ΣcM|U) in any orthonormal
frame (e1, . . . , en). Similarly,
〈ψ,Ric(X) · ϕ〉U :=
n∑
i=1
〈Ric(X, ei), 〈ψ, ei · ϕ〉 〉U
= 2
n∑
i=1
〈ei · ψ,RA(X, ei)ϕ〉U + i
∫
U
〈(XyΩ) · ψ, ϕ〉dvolg.
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Proof. We integrate equation (2) in Section 2 against a test spinor
ψ ∈ C1c (ΣcM|U) and obtain
(4)
∫
U
〈Ric(X) · ϕ, ψ〉dvolg =
∫
U
2
n∑
i=1
〈RA(X, ei)ϕ, ei · ψ〉dvolg
+ i
∫
U
〈(XyΩ) · ϕ, ψ〉dvolg
for any Riemannian spinc manifold with a C2-metric and Ω being C0.
We rewrite the left hand side as
n∑
i=1
∫
U
Ric(X, ei)〈ei · ϕ, ψ〉dvolg = 〈Ric(X) · ϕ, ψ〉U
and the first term on the right hand side of (4) as∫
U
2
n∑
i=1
〈RA(X, ei)ϕ, ei · ψ〉dvolg = 2
n∑
i=1
〈RA(X, ei)ϕ, ei · ψ〉U ,
to obtain the desired identity.
Each term is well defined for C1-metrics and spinors but so far we
only know that this identity holds for C2-metrics. Let C1(Met(M))
denote the class of C1-metrics. Now, we consider each term separately
as a map:
WRA : C1(ΣcM)× C1c (ΣcM)× C1(Met(M))→ C,
(ϕ, ψ, g) 7→ 〈RA(X, ei)ϕ, ei · ψ〉U ,
WRic : C1(ΣcM)× C1c (ΣcM)× C1(Met(M))→ C,
(ϕ, ψ, g) 7→ 〈Ric(X) · ϕ, ψ〉U ,
WΩ : C1(ΣcM)× C1c (ΣcM)× C1(Met(M))→ C,
(ϕ, ψ, g) 7→
∫
U
〈(XyΩ) · ϕ, ψ〉dvolg.
By Appendix B in [Var07], WRA and WRic are continuous in the C1-
topology. The proofs are given for spin manifolds but extend easily to
the spinc case. The continuity in the C1-topology of WΩ in the first
two variables is obvious. A short calculation using the identification of
spinc structures with Ω explained in Section 3 shows that WΩ is also
C1-continuous in the third variable. Since smooth sections are dense
in the considered domains the claim follows. 
Combining these two identities and inserting a Killing spinor gen-
eralizes Lemma 2.2 to a weak context. The statement is analogous
to [Var07, Theorem 3.4.2] but we choose another way of proving as
there is a problem with the double usage of the index i in [Var07, p. 43].
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Lemma 5.3. Let (M, g) be a Riemannian spinc manifold with g being
C1, Ω being C0 and a nontrivial Killing spinor ϕ with Killing number
µ. Then
〈Ricab, η〉U = 4µ2(n− 1)
∫
U
gabη dvolg
+
i
2
∫
U
η
|ϕ|2 〈((∂ayΩ) · ∂b − ∂b · (∂ayΩ)) · ϕ, ϕ〉dvolg
for any η ∈ C∞c (U) and 1 ≤ a, b ≤ n in any local chart U with coordi-
nate vector fields (∂1, . . . , ∂n).
Proof. On Riemannian spinc manifolds with a C2-metric
Ric(∂a, ∂b) =
1
2|ϕ|2 (〈Ric(∂a) · ϕ, ∂b · ϕ〉+ 〈∂b · ϕ,Ric(∂a) · ϕ〉) .
Using the same method as in the proof of Lemma 5.2, we conclude that
for C1-metrics we have
(5)
|ϕ|2〈Ricab, η〉U = 1
2
(〈Ric(∂a) · ϕ, η ∂b · ϕ〉U
+〈η ∂b · ϕ,Ric(∂a) · ϕ〉U)
for any test function η ∈ C∞c (U), spinor ϕ, and 1 ≤ a, b ≤ n.
By Lemma 5.2, we first study how the weak spinorial curvature acts
on a Killing spinor ϕ with Killling number µ. A short calculation shows
that
〈RA(X, Y )ϕ, ψ〉U =
∫
U
µ2〈(Y ·X −X · Y ) · ϕ, ψ〉U dvolg,
for any vector fields X and Y and test spinor ψ ∈ C1c (ΣcM|U).
Inserting this into Lemma 5.2 we obtain
2
n∑
i=1
〈RA(∂a, ei)ϕ, ei · η ∂b · ϕ〉U
= 2µ2
n∑
i=1
∫
U
η 〈(ei · ∂a · ei − ei · ei · ∂a) · ϕ, ∂b · ϕ〉 dvolg
= 4µ2
∫
U
η
〈(
n∂a −
n∑
i=1
g(∂a, ei)
)
· ϕ, ϕ〉dvolg
= 4µ2(n− 1)
∫
U
η 〈∂a · ϕ, ∂b · ϕ〉 dvolg.
Thus,〈
Ric(∂a) · ϕ, η ∂b · ϕ
〉
U
= 4µ2(n− 1)
∫
U
η 〈∂a · ϕ, ∂b · ϕ〉 dvolg
− i
∫
U
η 〈∂b · (∂ayΩ) · ϕ, ϕ〉 dvolg.
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A similar calculation leads to
〈η ∂b · ϕ,Ric(∂a) · ϕ〉U = 4µ2(n− 1)
∫
U
η 〈∂b · ϕ, ∂a · ϕ〉 dvolg
+ i
∫
U
η 〈(∂ayΩ) · ∂b · ϕ, ϕ〉η dvolg.
Since ϕ is a nontrivial Killing spinor it never vanishes. Thus, inserting
these two identites into (5) finishes the proof. 
Now, we switch to harmonic coordinates in which g 7→ Ric(g) is an
elliptic operator of second order. Applying elliptic regularity leads to:
Theorem 5.4. Let (M, g) be a Riemannian spinc manifold with a C1,α-
metric g, a C l,α-curvature form Ω on P , l ≥ 0, and a nontrivial Killing
spinor ϕ. Then g is C l+2,α in harmonic coordinates.
Proof. Let (x1, . . . , xn) be harmonic coordinates in U ⊂ M . Then the
components of the Ricci tensor are given by
Ricab = −1
2
grs∂r∂sgab +Qab(g, ∂g),
By Lemma 5.3 gab is a weak solution of the elliptic differential equa-
tion. ∫
U
(
∂s(gab)∂r(g
rs√g η)− fab√g η
)
dx = 0,
where we set
fab :=− 8µ2(n− 1)gab − i|ϕ|2
〈(
(∂ayΩ) · ∂b − ∂b · (∂ayΩ)
) · ϕ, ϕ〉
+ 2Q(g, ∂g).
Note that ϕ is C2,α by Proposition 5.1. Therefore fab is C
0,α by our
assumptions. By elliptic regularity (cf. [Mor66, Theorem 6.4.3]), gab is
in fact C2,α in harmonic coordinates for all 1 ≤ a, b ≤ n. In particular,
the Ricci tensor is now well-defined by
Ricab = 4µ
2(n− 1)gab + i
2|ϕ|2
〈(
(∂ayΩ) · ∂b − ∂b · (∂ayΩ)
) · ϕ, ϕ〉.
[DK81, Theorem 4.5 b)] and bootstrapping finish the proof, since in
the right-hand side the best regularity that can be reached is C l,α. 
Remark 5.5. In normal coordinates g is C l,α by [DK81, Theorem 2.1].
6. Eigenvalue pinching
Recall that Killing spinors characterize the limit case of the Friedrich
spinc inequality. Furthermore, simply connected spinc manifolds and
spin manifolds admitting nontrivial Killing spinors are completely de-
scribed in [Wan89], [Wan89], [Ba¨r93] and [Mor97]. We will combine
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these two facts to obtain pinching results for Dirac eigenvalues close to
the lower bound given by the Friedrich spinc inequality (3).
The pinching results will be proven by contradiction using the con-
vergence results of Section 4.
First, we start to pinch eigenvalues of the Friedrich Laplacian ∇µ ∗∇µ.
This result is the basis of the pinching results in this section.
Proposition 6.1. Let Λ, i0, d, K and k be given positive real num-
bers, µ a given real number and n a given natural number. Let (M, g)
be a spinc manifold in MS1(n,Λ, i0, d,K). For every δ > 0 there exists
a positive ε = ε(n,Λ, i0, d,K, k, µ, δ) > 0 such that λk(∇µ ∗∇µ) < ε
implies that (M, g) has C1,α-distance smaller than δ to a spinc mani-
fold with k linearly independent Killing spinors with Killing number µ.
Furthermore, g is at least C2,α in harmonic coordinates.
Proof. Assume the theorem to be wrong. Thus, we obtain a sequence
(Mj , gj, Pj, Aj)j∈N of Riemannian spin
c manifolds (Mi, gi) with prin-
cipal S1-bundles Pj with connection 1-forms Aj such that we have
λk(∇µ,Aj ∗∇µ,Aj ) < εj for a vanishing sequence (εj)j∈N and such
that each (Mj , gj) is at least δ far to any spin
c manifold with k linearly
independent Killing spinors with Killing number µ in the C1,α-topology.
By Theorem 4.8 we obtain a subsequence (M, gj , P, Aj)j∈N for some
fixed spinc manifold M and a principal S1-bundle P such that the
metrics gj and the connection 1-forms Aj converge in C
1,α. Since for a
fixed principal S1-bundle onM there are only finitely many equivalence
classes of spinc structures we can choose a subsequence, such that all
elements have the same topological spinc structure.
For each j let
(
ϕ1j , . . . , ϕ
k
j
)
be an L2-orthonormal family of eigen-
spinors for the first k eigenvalues of ∇µ,Aj ∗∇µ,Aj . Then for each
1 ≤ l ≤ k the sequence {ϕlj}j∈N is an L2-normalized almost Killing
spinor sequence converging to a Killing spinor with Killing number µ by
Proposition 4.11. Taking appropriate subsequences,
{(
ϕ1j , . . . , ϕ
k
j
)}
j∈N
converges to k linearly independent Killing spinors with Killing number
µ which contradicts the assumption.
The regularity of g follows from Theorem 5.4. 
Now, we turn our attention to the special case of spin manifolds.
Recall that the existence of a nontrivial Killing spinor with Killing
number µ implies that the underlying spin manifold is Einsittein with
Einstein constant 4µ2(n − 1). Since spin manifolds are a special case
of spinc manifolds, the same conclusion holds.
Proposition 6.2. Let Λ, i0, d and k be given positive numbers, mu a
given real number and n a given natural number. Then for any δ > 0
there is a positive ε = ε(n,Λ, i0, d, k, µ, δ) such that any spin manifold
in M(n,Λ, i0, d) with λk(∇µ ∗∇µ) < ε has a C1,α-distance less than δ
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to a spin manifold (M, g) with k linearly independent Killing spinors
with Killing number µ. In particular, M is an Einstein manifold.
Remark 6.3. For µ 6= 0 and k = 1 this result is analogous to Theorem
1.6. in [AS07] albeit with a different proof strategy.
If we assume µ 6= 0, then the limit manifold is compact by Myers’ the-
orem. Furthermore, if we remove the diameter bound inM(n,Λ, i0, d),
we obtain a class of manifolds which is still precompact in the pointed
C1,α-topology. Thus, we conjecture that for µ 6= 0 the above proposi-
tion should also hold without assuming a diameter bound.
It is essential to assume µ 6= 0 to obtain a compact manifold in
the limit. To see this let (Sn, g) be the n-sphere with its standard
metric on which we can find a nontrivial Killing spinor with Killing
number 1
2
. Consider the sequence (Sn, j2 · g)j∈N. This sequence lies in
M(n, 1, π). Furthermore, (Sn, j2 · g) admits a nontrivial Killing spinor
with Killing number 1
2j
. Then this sequence converges to Rn with the
standard metric in the pointed C1,α-topology. In particular, Sn is not
diffeomorphic to the limit space.
In the case µ = 0, we combine Proposition 6.1 with the results
for simply-connected spinc and spin manifolds with parallel spinors
in [Mor97] and [Wan89].
Theorem 6.4. Let n, Λ, i0, d, and K be given positive numbers. For
every δ > 0 there exists a positive ε = ε(n,Λ, i0, d,K, δ) such that any
irreducible simply-connected spinc manifold in MS1(n,Λ, i0, d,K) with
λ2(∇A ∗∇A) < ε has a C1,α-distance less than δ to a Ricci-flat Ka¨hler
spin manifold with two nontrivial parallel spinors.
Proof. Let δ > 0 be given. Applying Proposition 6.1 with µ = 0
and k = 2 we obtain an ε(n,Λ, i0, d,K, δ) such that any irreducible
simply-connected spinc manifold satisfying the assumptions of the the-
orem with this ε has C1,α-distance less than δ to an irreducible simply-
connected Riemannian manifold (M, g) with two linearly independent
parallel spinors.
Since g is at least C2,α in harmonic coordinates, we can apply [Mor97,
Theorem 3.1] and obtain that (M, g) is a spin manifold with two linearly
independent parallel spinors. Thus, it is Ricci-flat and by the main
result in [Wan89] it is also Ka¨hler. 
Applying the Schro¨dinger-Lichnerowicz formula, we obtain as a corol-
lary a similar result for small Dirac eigenvalues for simply-connected
spinc manifolds with nearly non-negative scalar curvature. In addition,
the theorem gives a lower bound on the second Laplace eigenvalue
for compact irreducible simply-connected spinc manifolds which are
not spin. In particular, since Ka¨hler manifolds are even dimensional
this shows that compact irreducible simply-connected spinc manifolds
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of odd dimension cannot have two arbitrary small spinorial Laplace
eigenvalues.
If we consider only spin manifolds we can state a similar result for
non-simply-connected spin manifolds using [Wan95, Theorem 1].
Theorem 6.5. Let n, Λ, i0, and d be given positive numbers. Then
for any positive δ, there exists a positive ε = ε(n,Λ, i0, d, δ) such that
any non-simply-connected locally irreducible spin manifold (M, g) in
M(n,Λ, i0, d) with λ2(∇∗∇) ≤ ε has a C1,α-distance less than δ to some
Ricci-flat Ka¨hler spin manifold with two nontrivial parallel spinors.
Proof. Proposition 6.2 with µ = 0 and k = 2 already gives us a suitable
ε and shows that the limit manifold is non-simply-connected and admits
two nontrivial parallel spinors. Thus, applying [Wan95, Theorem 1]
finishes the proof. 
Again we obtain corollaries for Dirac eigenvalues and a lower bound
for the second eigenvalue if the spin manifold is not diffeomorphic to
a Ricci-flat Ka¨hler manifold with two nontrivial parallel spinors. This
is, in particular, the case for all odd dimensional manifolds.
Next, we pinch Dirac eigenvalues and consider the description of
simply-connected spinc and spin manifolds with real Killing spinors
in [Mor97] and [Ba¨r93]. Thus, we reformulate Proposition 6.1 for
Dirac eigenvalues. This can be done by using the modified Schro¨dinger-
Lichnerowicz formula of Lemma 2.5. For brevity we set
I+ε,µ := [0, nµ+ ε] ∩ σ(DA),
I−ε,µ := [−nµ− ε, 0) ∩ σ(DA),
for any positive numbers ε and µ. In addition, we define the notion of
µ-Killing type.
Definition 6.6 (µ-Killing type). A spinc manifold (M, g) is of µ-
Killing type (p, q) for some positive µ if M admits p linearly indepen-
dent Killing spinors with Killing number µ and q linearly independent
Killing spinors with Killing number −µ.
Proposition 6.7. Let n, Λ, i0, d, K, µ, k+, and k− be given positive
numbers. Let (M, g) be a spinc manifold in MS1(n,Λ, i0, d,K). For
every δ > 0 there exists an ε = ε(n,Λ, i0, d,K, µ, k+, k−, δ) > 0 such
that |I+ε,µ| ≥ k+, |I−ε,µ| ≥ k− and infM(Scal−cn|Ω|g) ≥ 4µ2n(n− 1)− ε
imply that (M, g) has C1,α-distance less than δ to some spinc manifold
of µ-Killing type (k−, k+) whose metric is at least C
2,α in harmonic
coordinates.
Proof. Assume that the theorem does not hold. Hence, we obtain, sim-
ilarly to the proof of Proposition 6.1, a subsequence (M, gj , P, Aj)j∈N
converging in C1,α such that infM(Scalj −cn|Ωj |gj) ≥ 4µ2n(n−1)−εj for
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a vanishing sequence (εj)j∈N. In addition, |I+εj ,µ| ≥ k+ and |I−εj ,µ| ≥ k−
for each j and each (Mj , gj) has a C
1,α-distance more than δ to any
spinc manifold of µ-Killing type (k−, k+).
Let
(
ϕ1j , . . . , ϕ
k
−
+k+
j
)
be an L2-orthonormal family of correspond-
ing eigenspinors on (M, gj). We show that each
(
ϕjj
)
j∈N
is an L2-
normalized almost Killing spinor sequence for µ if λk is negative and
−µ else. We consider only the case λk(DAj ) < 0 since the other case
works similarly. By using the modified Schro¨dinger-Lichnerowicz for-
mula of Lemma 2.5 we estimate
‖∇µ,Ajϕkj‖2L2(ΣcjM)
= 〈∇µ,Aj ∗∇µ,Ajϕkj , ϕkj 〉L2(ΣcjM)
= 〈(DAj − µ)2ϕkj −
1
4
(Scalj +2iΩj)ϕ
k
j + µ
2(n− 1)ϕkj , ϕkj 〉L2(ΣcjM)
≤ sup
(M,gj)
(
(λk(D
Aj)− µ)2 − µ2n(n− 1) + µ2(n− 1) + εj
4
)
‖ϕkj‖2L2(ΣcjM)
≤
(
(nµ+ εj − µ)2 − µ2(n− 1)2 + εj
4
)
‖ϕkj‖2L2(ΣcjM)
=
(
ε2j − 2µ(n− 1)εj + µ2(n− 1)2 − µ2(n− 1)2 +
εj
4
)
‖ϕkj‖2L2(ΣcjM)
≤ O(εj)‖ϕkj‖2L2(ΣcjM).
Thus,
(
ϕkj
)
j∈N
is an L2-normalized almost Killing spinor sequence and
Proposition 4.11 applies. After we choose appropriate subsequences
the family
((
ϕ1j , . . . , ϕ
k
−
+k+
j
))
j∈N
converges to k+ linearly independent
Killing spinors with Killing number −µ and k− linearly independent
Killing spinors with Killing number µ. This contradicts the assumption
and the claim follows. 
Proposition 6.8. Let n, Λ, i0, d, µ, k+, and k− be given positive num-
bers. For every δ there exists a positive ε = ε(n,Λ, i0, d, µ, k+, k−, δ)
such that any spin manifold (M, g) ∈ M(n,Λ, i0, d) with |I+ε,µ| ≥ k+,
|I−ε,µ| ≥ k− and min(M,g) Scal ≥ 4µ2n(n− 1)− ε is at most δ far from a
spin manifold of µ-Killing type (k−, k+) in the C
1,α-norm. 
Combining Proposition 6.7 and Corollary 4.2 in [Mor97], we obtain
the following pinching result.
Theorem 6.9. Let n, Λ, i0, d, K, and µ be given positive numbers.
Then for every δ > 0 there exists an ε = ε(n,Λ, i0, d,K, µ, δ) > 0 such
that any simply-connected spinc manifold (M, g) ∈ MS1(n,Λ, i0, d,K)
with inf(M,g)(Scal−cn|Ω|g) ≥ 4µ2n(n− 1)− ε and
i) |I+ε,µ ∪ I−ε,µ| ≥ 1 if n is even,
ii) |I+ε,µ ∪ I−ε,µ| ≥ 2 if n is odd,
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admits a C1,α-distance at most δ to a spin manifold with one resp. two
Killing spinors with Killing number ±µ.
Proof. Fix a positive δ. We apply Proposition 6.7 with k+ + k− = 1
(resp. 2) and obtain a positive ε such that the limit manifold (M, g˜)
has 1 resp. 2 real Killing spinors. Then [Mor97, Corolary 4.2] implies
that this has to be a spin manifold. 
This theorem immediately proves the existence of a lower bound on
the first, resp. second small Dirac eigenvalue, in the sense that it is
close to the Friedrich bound, for any simply-connected spinc manifold
which is not spin.
Combining this theorem with the geometric description of spin man-
ifolds with real Killing spinors in [Ba¨r93], we generalize Theorem 5.12
in [Var07] to simply-connected spinc manifolds.
Theorem 6.10. Let n, Λ, i0, d, K and µ be given positive numbers.
Then for every δ > 0 there is an ε = ε(n,Λ, i0, d,K, µ, δ) > 0 such that
any simply-connected spinc manifold (M, g) ∈ MS1(n,Λ, i0, d,K) with
inf(M,g)(Scal−cn|Ω|g) ≥ 4µ2n(n− 1)− ε and
i) |I+ε,µ ∪ I−ε,µ| ≥ 1, if n is even and n 6= 6,
ii) |I+ε,µ| ≥ 2 or |I−ε,µ| ≥ 2, if n = 6 or n = 1 (mod 4),
iii) |I+ε,µ| ≥ n+94 or |I−ε,µ| ≥ n+94 or |I+ε,µ| ≥ 1, |I−ε,µ| ≥ 1, if n = 3
(mod 4),
has C1,α-distance less than δ to the sphere of constant sectional curva-
ture sec = 4µ2.
Proof. Fix a positive δ. By Proposition 6.7 we obtain a positive ε
such that (M, g) is δ-close to a spinc manifold (M, g˜) which is of the
respective µ-Killing type in the C1,α-topology.
With Corollary 4.2 of [Mor97], it follows that (M, g˜) is in fact a spin
manifold of the respective µ-Killing type. Then by [Ba¨r93, Theorems
1 to 5 ] (M, g˜) has to be the sphere with sec = 4µ2. 
As before, we find a lower bound on the Dirac eigenvalues for all
simply-connected spinc manifolds not diffeomorphic to the sphere.
Recall that a spin manifold M admitting at least one nontrivial real
Killing spinor is positive Einstein. Thus, M and its universal covering
are compact by Myers’ theorem. Applying this fact, we reformulate
[Var07, Theorem 5.4.1] to all spin manifolds and all Killing numbers µ.
Theorem 6.11. Let n, Λ, i0, d, and µ be given positive numbers. Then
for every δ > 0 there exists an ε = ε(n,Λ, i0, d, µ, δ) > 0 such that
any spin manifold (M, g) ∈ M(n,Λ, i0, d) satisfying min(M,g)(Scal) ≥
4µ2n(n− 1)− ε and
i) |I+ε,µ ∪ I−ε,µ| ≥ 1, if n is even and n 6= 6,
ii) |I+ε,µ| ≥ 2 or |I−ε,µ| ≥ 2, if n = 6 or n = 1 (mod 4),
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iii) |I+ε,µ| ≥ n+94 or |I−ε,µ| ≥ n+94 or |I+ε,µ| ≥ 1, |I−ε,µ| ≥ 1, if n = 3
(mod 4),
has C1,α-distance less than δ to a manifold of constant sectional cur-
vature sec = 4µ2.
Proof. Fix a positive δ. Then by Corollary 6.8 there is a positive ε such
that any spin manifold (M, g) is δ-close to a spin manifold (M, g) of
the respective µ-Killing type in the C1,α-topology. Since g is a positive
Einstein metric, the universal covering manifold M˜ is compact and has
at least the same µ-Killing type as (M, g). Then [Ba¨r93, Theorems 1
to 5] applied to M˜ finishes the proof. 
7. The first nontrivial Killing number
As another interesting application of the methods used in Proposi-
tion 6.1 we obtain a lower bound on the absolute value of non-vanishing
Killing numbers of spin manifolds inM(n,Λ, i0, d). This is achieved by
using [DWW05, Theorem 3.1] which states that if a compact simply-
connected spin manifold (M, g) admits a parallel spinor, there is a
neighborhood U of g in the space of smooth Riemannian metrics on M
such that there exists no metric of positive scalar curvature in U .
Theorem 7.1. For given positive number n, Λ, i0, and d there is
a positive ε = ε(n,Λ, i0, d) such that any spin manifold (M, g) in
M(n,Λ, i0, d) with a real Killing spinor with Killing number |µ| ≤ ε
has in fact a nontrivial parallel spinor.
Proof. By assuming the theorem to be wrong we obtain a sequence
of spin manifolds (Mj , gj) each of them admitting an L
2-normalized
Killing spinor ϕj with Killing number 0 < |µj| ≤ εj for a vanishing
sequence (εj)j∈N.
This sequence consists only of positive Einstein manifolds. Hence,
there is a subsequence (M, gj) such that the sequence (gj)j∈N converges
to a metric g in the C∞-topology by Theorem 4.6.
Denote by (M˜, g˜j) the universal covering of (M, gj) for each j. Since
for each j, (M, gj) is a positive Einstein manifold, M˜ is compact. Note
that (g˜j)j∈N converges in the C
∞- topology as (gj)j∈N does so. Further-
more, each (M˜, g˜j) admits an L
2-normalized Killing spinor with Killing
number 0 < |µj| ≤ εi.
As ϕj is a Killing spinor with Killing number µj it follows that
∇j ∗∇jϕj = µ2jnϕj . Thus, (ϕj)j∈N is an L2-normalized almost Killing
spinor sequence for µ = 0. Therefore, (M˜, g˜j) converges in C
∞ to a
spin manifold (M˜, g˜) with a nontrivial parallel spinor.
By [DWW05, Theorem 3.1] there is an open neighborhood U around
g˜ in the space of smooth Riemannian metrics on M˜ which contains no
metric of positive scalar curvature. But since (g˜j)j∈N converges in the
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C∞-topology to g˜ there is an J > 0 such that g˜j ∈ U for all j > J . This
contradicts the assumption on U since the sequence (g˜j)j∈N consists
only of metrics of positive scalar curvature. 
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